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Abstrat
We develop a variational theory of hot nulear matter in neutron stars and supernovae. It an
also be used to study harged, hot nulear matter whih may be produed in heavy-ion ollisions.
This theory is a generalization of the variational theory of old nulear and neutron star matter
based on realisti models of nulear fores and pair orrelation operators. The present approah
uses miroanonial ensembles and the variational priniple obeyed by the free energy. In this paper
we show that the orrelated states of the miroanonial ensemble at a given temperature T and
density ρ an be orthonormalized preserving their diagonal matrix elements of the Hamiltonian. This
allows for the minimization of the free energy without orretions from the nonorthogonality of the
orrelated basis states, similar to that of the ground state energy. Samples of the miroanonial
ensemble an be used to study the response, and the neutrino luminosities and opaities of hot
matter. We present methods to orthonormalize the orrelated states that ontribute to the response
of hot matter.
PACS numbers: 21.65.+f, 26.50.+, 26.50.+x, 97.60. Jd, 97.60. Bw, 05.30.-d
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I. INTRODUCTION
Ab initio theories of strongly interating hot matter are extremely hallenging. In priniple
the properties of hot matter an be alulated starting from a realisti Hamiltonian with the
path integral Monte Carlo method [1℄. Calulations are pratial for simple systems of
interating spin zero bosons suh as atomi
4
He liquids and solids [2, 3, 4℄. They beome
more diult even for simple systems of fermions interating by spin independent potentials,
suh as atomi liquid
3
He [5℄, and hydrogen plasma [6℄ due to the fermion sign problem. The
path integral Monte Carlo treatment is expeted to beome muh more diult due to the
strong spin-isospin dependene of nulear fores and their tensor and spin-orbit omponents.
In the traditional Monte Carlo approahes these omplexities of the nulear fores make
omputations more expensive by a fator ≥ 2A, where A is the number of nuleons and
the equality applies for pure neutron matter. With the present state of the art omputing
failities traditional quantum Monte Carlo alulations have been arried out for old neutron
matter using a periodi box ontaining 14 neutrons [7℄. Attempts are also being made to
eliminate this 2A fator using the auxiliary eld diusion Monte Carlo method [8℄, however
the fermion sign problem is more aute for this method, and appliations have been limited
to old pure neutron matter [9℄.
Cold nulear matter has traditionally been studied with variational methods [10, 11℄
and Bruekner theory [12, 13℄. There is lose agreement between these two methods, and
omparison with the essentially exat Green's funtion Monte Carlo alulations suggests
that the errors in present variational alulations of pure neutron matter are only ∼ 8 % at
densities ≤ ρ0 = 0.16 fm−3 [7℄. In the ase of symmetri nulear matter the errors have been
estimated to be < 10 % [14℄.
In this paper we develop the formalism for a variational theory for nulear matter at
nite temperature using orrelated basis states (CBS) dened in the next subsetion. The
orrelated basis states and the thermodynami variational priniple used to alulate the free
energy of matter is disussed in the following subsetions. In these subsetions we review the
sheme suggested in Ref. [15℄ to develop a variational theory of hot matter, and omment
on the onerns expressed in its early appliations [16, 17℄ due to the nonorthogonality of
the CBS.
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In Setion II we show that these problems an be resolved if one works in a miroanonial
ensemble. We show that there are no orthogonality orretions to the free energy in this
sheme. In Setion III we onsider the CBS that ontribute to the response of the hot matter,
and onlude in Setion IV.
A. Correlated Basis States
Let the stationary states of a non interating Fermi gas be denoted by |ΦI{nI(k, σz)}〉,
where {nI(k, σz)} are the oupation numbers of single partile states labeled with momen-
tum k and spin projetion σz , in the many-body state I. The single-nuleon states of a non
interating nuleon gas have isospin τz as an additional quantum number. We have sup-
pressed it here for brevity. For eah of the states I, we an onstrut a normalized orrelated
basis state (CBS) [18, 19, 20℄ whih is onventionally dened as:
|ΨI) = G|ΦI〉√〈ΦI |G†G|ΦI〉 , (1)
where G is a many-body orrelation operator. Many problems in the variational theory of
strongly interating quantum liquids originate from the fat that useful forms of G are not
unitary operators. In reent studies G has been approximated by a symmetrized produt of
pair orrelation operators Fij [11, 14, 20℄ where i and j label the nuleons:
G = S
∏
i<j
Fij . (2)
Here S stands for the symmetrization of the produt of the pair orrelation operators. In
the present work we will assume this form of G, however, improvements suh as the inlusion
of three-body orrelations an be easily aommodated. The CBS obtained with this G are
not orthogonal to eah other. The bras and kets with rounded parenthesis, ( | and | ) are
used to denote these non orthogonal states, while the standard 〈| and |〉 imply orthonormal
states.
At zero temperature the parameters of G or Fij are determined variationally by minimizing
the expetation value of the Hamiltonian, H , ontaining realisti interations, in the ground
state of the orrelated basis |Ψ0) obtained from the Fermi-gas ground state |Φ0〉. The CBS
are assumed to provide a good approximation for the stationary states of the interating
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system. Note that this is in aordane with an important assumption of the Landau theory
of Fermi liquids, i.e. the stationary states (at least the low lying ones) of an interating,
normal Fermi liquid an be written in one to one orrespondene with those of the non
interating one.
If the n0(k, σz) be the oupation numbers of the single partile states in the ground state
of the free Fermi gas, The |nI(k, σz)− n0(k, σz)| an be interpreted as the quasi-partile
(k > kF ) and quasi-hole (k < kF ) oupation numbers of the CBS |ΨI). When the number
of quasi-partiles is nite the energy of the state I, EI an be expressed as the sum of the
ground state energy E0, and a sum of quasi-partile and hole energies:
EI = (ΨI |H|ΨI) = E0 +
∑
k,σz
[nI(k, σz)− n0(k, σz)]ǫ0(k, σz) . (3)
We assume that both the number of partiles N and the volume of the liquid Ω, go to ∞ at
a xed nite density ρ = N/Ω. The density of quasi-partiles and holes goes to zero when
their number is nite. The single partile energies ǫ0(k, σz), have signiant dependene on
k near kF at low temperature, in addition to that absorbed in the
k2
2m∗
term [16℄, with m∗
being the eetive mass of the quasipartile. They are diult to alulate ab initio.
A orrelated basis perturbation theory (CBPT) an be developed using the non orthogonal
CBS [18, 19℄ to study various properties of quantum liquids [21, 22℄ at zero temperature.
Muh later in the development of CBPT, a sheme to orthonormalize the CBS preserving
their one to one orrespondene with the Fermi gas states and the validity of Eq. (3) was
found [23℄. It simplies CBPT onsiderably.
The dierene between the internal energies of a liquid at T > 0 and T = 0 is extensive,
i.e. proportional to N , and thus innite in the thermodynami limit. This implies that at
T > 0 there is an extensive number of quasi-partile exitations, and the orthonormalization
sheme of Ref. [23℄ an not be used without modiations. The present work an also
be onsidered as an extension of that orthonormalization sheme to hot matter. At very
small temperatures, the density of quasi-partiles is small, and the T = 0 formalism an be
used negleting the interation between quasi-partiles, as in Landau's theory. However, the
domain of the appliability of that approah is very small [16℄.
4
B. The Thermodynami Variational Priniple
Let F (T ) be the free energy of a quantum many body system at temperature T . All other
arguments suh as the density ρ and spin-isospin polarizations et. have been suppressed for
brevity. The Gibbs-Bogoliubov thermodynami inequality [24℄ states that
F (T ) ≤ Tr(ρVH)− TSV (T ) , (4)
where ρV is any arbitrary density matrix (not to be onfused with the density of the system
ρ = N/Ω) satisfying
TrρV = 1 (5)
and SV (T ) is the entropy of the density matrix ρV at temperature T . The equality holds
when ρV is the true density matrix of the system. Typially ρV is hosen to have the anonial
form,
ρ
an
=
exp(−βHV )
Tr exp(−βHV ) , (6)
where β is the inverse temperature and HV is hosen as a suitable, simple and variable
variational Hamiltonian. In this ase Eq. (4) beomes
F (T ) ≤ Tr(exp(−βHV )H)
Tr(exp(−βHV )) − TSV (T ) , (7)
The minimum value of
Tr(exp(−βHV )H)
Tr(exp(−βHV )) − TSV (T ) , (8)
obtained by varying HV , provides an upper bound to the free-energy F (T ).
Shmidt and Pandharipande (Ref. [15℄, heneforth denoted by SP) proposed to use this
variational priniple to alulate properties of hot quantum liquids. They essentially ignored
the nonorthogonality of the CBS and assumed that they are the eigenstates of HV :
HV |ΨI{nI(k, σz)}) =
[∑
k,σz
nI(k, σz)ǫV (k, σz)
]
|ΨI{nI(k, σz)}) . (9)
The eigenvalues of this HV an be varied by hanging the single-partile energy spetrum
ǫV (k, σz) and the eigenfuntions by varying the orrelation operator G, or the pair orrelation
operators Fij. Note that the single partile energies depend on τz, ρ, T et. but these
dependenies are suppressed here.
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HV has the spetrum of a one body Hamiltonian, sine its eigenvalues depend only on
the oupation numbers nI(k, σz). It an therefore be easily solved. At temperature T the
average oupation number of a single-partile state is given by
n(k, σz = ±1) = 1
eβ(ǫ(k,σz)−µ±) + 1
, (10)
where the hemial potential µ± is required to satisfy
ρ± =
∫
d3k
(2π)3
n(k, σz = ±1) . (11)
In the above equation ρ± is the density of partiles with σz = ±1. The entropy SV (ρ, T )
is given by [25℄,
SV (ρ, T ) = −kBΩ
∑
σz
∫
d3k
(2π)3
[
n(k, σz) ln(n(k, σz))+(1−n(k, σz)) ln(1−n(k, σz))
]
. (12)
where kB is Boltzmann's onstant.
Sine the CBS are not mutually orthogonal, Eq. (12) is only an approximation if the
variational Hamiltonian, HV , is dened by Eq. (9). Eq. (12) will be exat if orthonormalized
orrelated basis states (OCBS) are used instead of the non orthogonal CBS. If all the CBS are
orthonormalized by a demorati proedure (like the Löwdin method) [26℄, whih treats all
the CBS equally, the diagonal matrix elements of the HamiltonianH hange by an extensive
(∝ N) quantity.
The diagonal matrix elements of the Hamiltonian,H , an be evaluated using the standard
tehniques of luster expansion and hain summation; these tehniques have been developed
and studied extensively in the variational theories of old (zero temperature) quantum liq-
uids. On the other hand, if all the CBS are orthonormalized using the demorati proedure
mentioned above, the diagonal matrix elements of the Hamiltonian, H , in the orresponding
OCBS are more diult to evaluate systematially beause of the extensive (∝ N) orthog-
onality orretions. As suh, the variational theory of hot (nite temperature) quantum
liquids so developed using the orthonormalization sheme disussed above, loses muh of the
simpliity of the orresponding zero temperature theory.
At zero temperature a similar problem was addressed by identifying the ground state and
the exitations about the ground state with a nite number of quasipartiles and quasiholes,
as the important states whih ontribute to the equilibrium properties and linear response of
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old quantum liquids. It was shown in Ref. [23℄ that a ombination of demorati (Löwdin)
and sequential (Gram-Shmidt) orthonormalization methods an be used to orthonormalize
the CBS, suh that the diagonal matrix elements of the Hamiltonian, H , are left unhanged,
in the ground state and in the quasipartile-quasihole exitations from the ground state.
At a nite temperature, the many body states whih ontribute to the equilibrium prop-
erties (free energy, spei heat et.) and linear response of a quantum liquid are the
many body states in the miroanonial ensemble at the orresponding temperature and
the quasipartile-quasihole exitations from them. (Zero temperature is a speial ase when
the miroanonial ensemble onsists of just one state viz. the ground state.)
In this paper we will show that for a given (nite) temperature a statistially onsistent
miroanonial ensemble an be dened, suh that when the CBS are orthonormalized us-
ing a ombination of demorati and sequential orthonormalization methods, the diagonal
matrix elements of the Hamiltonian, H , are left unhanged for the many body states in the
miroanonial ensemble and the quasipartile-quasihole exitations from the miroanonial
ensemble. This means that these matrix elements an be evaluated by borrowing methods
diretly from the zero temperature theory.
As mentioned earlier, this work an be onsidered to be an extension of the orthonor-
malization sheme of of Ref. [23℄ to nite temperatures. However, it serves a more general
purpose of introduing a variational theory at nite temperatures whih has the same sim-
pliity of formulation and eieny in alulation as the orresponding zero temperature
theory.
II. VARIATIONAL THEORY IN A MICROCANONICAL ENSEMBLE
In the previous setion we have dened the non interating Fermi gas states |ΦI〉 and
the CBS |ΨI). Let us all the orresponding OCBS |ΨI〉. Note that the atual denition
of |ΨI〉 will depend on how we hoose to orthonormalize the CBS. We will denote any of
these OCBS by |ΨI〉 and the atual orthogonalization proedure used to obtain them will
hopefully be obvious from the ontext. Let us also dene a `miroanonial' subset M(T ),
from the set of all labels I of the many body states (CBS, OCBS or non interating Fermi
gas) previously dened. We will all this set the `miroanonial ensemble' at temperature
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T . Heneforth the argument T will be supressed for brevity. Note that as yet we have not
really said anything about whih elements are inluded. We takle this slightly non trivial
problem in detail later in this setion. For now, we assume that M is a suitably dened
`miroanonial' ensemble at the given temperature. We an legitimately dene a density
matrix,
ρ
MC
=
1
NM
∑
I∈M
|ΨI〉〈ΨI | , (13)
where NM is the number of elements in the set M.
It is well known in statistial mehanis that the thermodynami averages of the den-
sities of extensive quantities are the same in all ensembles; grand anonial, anonial or
miroanonial [27℄. In Eq. (8) we have used the anonial ensemble for the average value
of H .
With the miroanonial ensemble we obtain a simpler expression,
〈H〉 = 1NM
∑
I ∈ M
〈ΨI |H|ΨI〉 . (14)
In order to develop the variational theory of hot quantum liquids we have to orthonor-
malize the CBS in the miroanonial ensemble, M. This an be easily ahieved with the
Löwdin transformation [26℄,
|ΨI〉 = |ΨI)− 1
2
∑
J ∈ M
|ΨJ)(ΨJ |ΨI)
+
3
8
∑
J,K ∈ M
|ΨK)(ΨK |ΨJ) (ΨJ |ΨI) + · · · . (15)
The oeients 1, −1
2
,
3
8
, · · · that our in the L¨owdin transformation are those whih are
found in the expansion of (1 + x)−1/2. The overhead bar signies,
(ΨJ |ΨK) = (ΨJ |ΨK)(1− δJK) . (16)
The orthonormal states |ΨI〉 are in one to one orrespondene with the CBS |ΨI) and the
Fermi-gas states |ΦI〉, and we are then justied in dening a variational Hamiltonian HV
suh that
HV |ΨI{nI(k, σz)}〉 =
[∑
k,σz
nI(k, σz)ǫV (k, σz)
]
|ΨI{nI(k, σz)}〉 , (17)
= EVI |ΨI{nI(k, σz)}〉 (18)
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thus removing the approximation inherent in Eq. (9). The CBS 6∈ M are not orthonormalized
by the transformation (15). Most of these states have little eet on the thermodynami
properties of the liquid in equilibrium at temperature T and density ρ. Formally these
states should be rst orthonormalized to those ∈ M by Gram-Shmidt's method, and then
orthonormalized with eah other using ombinations of Gram-Shmidt and Löwdin methods
[23℄. This way their orthonormalization will have no eet on the states ∈ M. In the next
setion we will have oasion to disuss the orthogonalization of a subset of these states,
viz. states with one (quasi)partile and one (quasi)hole with respet to the states in the
miroanonial ensemble.
In the variational estimate of the free energy [Eq. (4)℄ we should use the OCBS rather
than the CBS. In the remaining part of this setion we show that
1
N
〈ΨI |H|ΨI〉 = 1
N
(ΨI |H|ΨI) = 1
N
EI , (19)
i.e. if we dene
δEI = [〈ΨI |H|ΨI〉 − (ΨI |H|ΨI)] (20)
and
δeI =
1
N
δEI (21)
then,
δeI = 0 (22)
for I ∈ M, in the limit N → ∞. Therefore the variational free energy alulated with the
SP sheme does not have any orthogonality orretions.
At this point it is neessary to dene the miroanonial ensemble (M) more arefully.
Typially, a miroanonial ensemble is dened as
M≡
⋃
All states I with E
MC
≤ EVI ≤ EMC + δEMC . (23)
The atual value of δE
MC
is unimportant as long as δE
MC
≪ E
MC
. In our ase it proves
neessary that it takes a nonzero value. In the next subsetion we will show that the simplest
denition ofM, i.e. with δE
MC
= 0, gives a divergent expression for the diagonal matrix ele-
ments of H . This exerise will nevertheless help to illustrate some of the simplest elements of
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the alulations that follow and will serve as a motivation for the following subsetion where
we formulate the problem slightly dierently, whih makes alulations more onvenient, but
is similar to dening M with a nonzero δE
MC
.
A. Energy Conserving Miroanonial Ensemble
Let us dene a setM0, whih we will all the Energy Conserving Miroanonial Ensemble
(ECMC), as the set of all states with
EVI = EMC (24)
Consider a many body state I ∈M0 with,
EI = (ΨI |H|ΨI) . (25)
Then the hange in the diagonal matrix elements of the Hamiltonian due to Löwdin or-
thonormalization is given by
δEI = 〈ΨI |H − EI |ΨI〉
= −1
2
∑
J ∈ M0
[
(ΨI |H − EI |ΨJ) (ΨJ |ΨI) + (ΨJ |H −EI |ΨI) (ΨI |ΨJ)
]
+ · · · , (26)
where the dots denote higher order terms whih an easily be obtained from Eq. (15). The
nondiagonal CBS matrix elements (ΨJ |H − EI |ΨI) and (ΨI |ΨJ) an be evaluated with lus-
ter expansions [23℄. The leading two-body lusters ontribute to the nondiagonal matrix
elements only when two quasi-partiles in J are dierent from those in I. Let quasipartile
states with momenta k1 and k2 be oupied in I and unoupied in J , while states k1′ and
k2′ be oupied in J but not in I.
We will denote the CBS |ΨJ) and the OCBS |ΨJ〉 by
|ΨJ) ≡ |k1′,k2′ : I − k1,k2) , (27)
|ΨJ〉 ≡ |k1′,k2′ : I − k1,k2〉 . (28)
Note that in this notation |ΨI) an be written as |k1,k2 : I − k1,k2)
The I → J transition ours via the sattering of two quasi-partiles from states
(k1,k2)→ (k1′,k2′). Momentum onservation implies
k1 + k2 = k1′ + k2′ . (29)
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Unless this ondition is satised, the nondiagonal CBS matrix elements are zero.
The two-body luster ontributions to (ΨJ |H − EI |ΨI) and (ΨI |ΨJ) are respetively given
by
〈k1′,k2′ − k2′,k1′ |veffij |k1,k2〉 and 〈k1′,k2′ − k2′ ,k1′|(F2ij − 1)|k1,k2〉 , (30)
where the two-body eetive interation is given by:
veffij = Fij
[
vijFij − ~
2
m
(∇2Fij + 2∇Fij ·∇)
]
, (31)
the bare two-body interation is denoted by vij , and the non interating two-partile states
are
〈ri, rj|k1,k2〉 = 1
Ω
ei(k1·ri+k2·rj) . (32)
The fator 1/Ω omes from the normalization of the plane waves. We have suppressed the
spin wave funtions for brevity.
The CBS matrix elements an be represented by diagrams, suh as those in Figs. 1, 2 and
3, whih have been analyzed in detail in [23℄. We will adopt their notation and use their
results. In all the diagrams we use the following onventions.
• The points in these diagrams denote positions of the partiles: ri, rj, ....
• The dashed lines onneting points i and j represent orrelations, i.e. terms originating
from F2ij − 1. When Fij = f(rij) this notation is suient, however, a more elaborate
notation for the orrelation lines is needed when F is an operator with many terms
[20℄. For brevity we will show diagrams assuming Fij = f(rij), ommonly alled the
Jastrow orrelation funtion.
• The solid lines represent veffij . There an only be one solid line in a diagram representing
matrix elements of H .
• The lines with one or two arrowheads represent state lines. The arrowheads are labeled
with quasi-partile states. A state line with a single arrowhead labeled kℓ going from
point i to point j indiates that the partile i is in state kℓ in the ket |ΨI) and partile
j is in kℓ in the bra (ΨJ |. Diagrams representing diagonal CBS matrix elements an
have state lines with only one arrowhead, sine the state kℓ is oupied (or unoupied)
in both the bra and the ket.
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Diagrams ontributing to the nondiagonal CBS matrix elements have state lines with
two arrowheads. The number of these lines equals the number of quasi-partile states
that are dierent in (ΨJ | and |ΨI). A state line with arrowheads kℓ and kℓ′, going
from i to j indiates that i is in state kℓ in the ket, while j is in state kℓ′ in the bra,
and that kℓ and kℓ′ are unoupied in the bra and the ket respetively.
Only one state line must emerge from a point and only one must end in a point beause
eah partile oupies only one quasi-partile state in the bra and the ket. This implies
that the state lines form ontinuous loops. In diret diagrams the state lines emerge
from and end on the same partile, while in exhange diagrams they onnet pairs of
partiles.
• The ontribution of a diagram is given by an integral over all the partile oordinates
ri in the diagram. The integrand ontains fators of (f
2(rij)− 1) for eah orrelation
line, veffij for the interation line, e
ikℓ·ri/
√
Ω for eah state line ℓ emerging from a point
ri and e
−ikℓ′ ·rj/
√
Ω for eah state line ℓ′ ending in rj.
The two-body (2b) diret (d) and exhange diagrams (e) representing the nondiagonal
matrix elements (30) are shown in Fig. 1. The ontributions of the 2b.veff diagrams are
given by
2b.veff .d =
1
Ω
∫
d3rij exp(−i1
2
(k1′ − k2′) · rij)veff(r) exp(i1
2
(k1 − k2) · rij) , (33)
2b.veff .e = − 1
Ω
∫
d3rij exp(−i1
2
(k2′ − k1′) · rij)veff(r) exp(i1
2
(k1 − k2) · rij) , (34)
for spin independent v (and f) . The ontributions of 2b.F2 diagrams are obtained by
replaing veff by F2 − 1. All 2b diagrams have a ontribution of order 1/Ω.
The hange in energy, δEI , [Eq. (26)℄ ontains produts of the 2b.v
eff
and 2b.F2 diagrams.
These produts are of order 1/Ω2. The total ontribution of the leading 2b luster terms
to δEI is obtained by summing over the states k1,k2,k1′,k2′. Eah allowed ombination of
these states orresponds to a many-body state in the set M0. The quasi-partile states k1
and k2 an be any two of those oupied in I. Thus the sum over these gives a fator of
order N2. Next we sum over k1′ and k2′. The total momentum k1′ +k2′ is determined from
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Eq. (29). The magnitude of the relative momentum,
k1′2′ =
1
2
(k′1 − k′2) , (35)
is onstrained by energy onservation,
ǫV (k1) + ǫV (k2) = ǫV (k1′) + ǫV (k2′) . (36)
required for J to be in the set M0. Thus the sum over states allowed for k1′ and k2′
orresponds to an integration over the diretion of k1′2′ . It gives a fator of order Ω
1/3
.
Hene
δeI .2b =
1
N
δEI .2b (37)
∼ 1
N
1
Ω2
N2Ω1/3 (38)
∼ ρΩ−2/3 (39)
i.e. δeI .2b → 0 as N → ∞. Note that with the onstraint of momentum onservation
alone we an integrate over the magnitude of k1′2′. This integration gives a fator of order
Ω and makes δeI .2b of order 1. The equal energy onstraint in the ECMC M0 ( Eq. (24))
makes δeI .2b vanish in the thermodynami limit.
The above analysis an be arried out for ontribution of lusters with three or more
partiles to δEI . Consider, for example, states J whih dier from I in oupation numbers
of three quasi partiles. These states an be reahed by sattering three quasi-partiles in
I in states k1,k2,k3 to states k1′ ,k2′ ,k3′ oupied in J . The relevant, diret 3b diagrams
are shown in Fig. 2. Eah diagram is of order 1/Ω2. The ontribution of three body luster
terms to δEI are produts of v
eff
and F2 − 1 diagrams. Eah of these produts is of order
1/Ω4. We get a fator of order N3 by summing over states k1,k2 and k3, and a fator
Ω4/3 by summing over k1′,k2′,k3′ with onstraints of momentum and energy onservation.
Thus their total ontribution to δeI is of order N
−1(Ω−4N3Ω4/3) ∼ ρ2Ω−2/3 whih vanishes
in the thermodynami limit just like the ontribution from the leading two body luster
terms. Similarly the ontribution from all onneted terms an be shown to give vanishing
ontribution to δeI in the thermodynami limit.
The terms of Eq. (26) will also ontain disonneted diagrams like those shown in Fig. 3.
These diagrams by themselves will give rise to unphysial divergent (non extensive) ontri-
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butions to the energy. To extrat any physially meaningful result from the theory, these
diagrams must anel identially.
Disonneted diagrams in the expansion for the shift in energy (δEI) an be lassied
into two types.
• Diagrams in whih eah onneted luster onserves energy.
• Diagrams in whih only the whole diagram onserves energy, i.e. eah onneted luster
does not onserve energy.
Let us, onsider the rst ase.
Consider the simplest possible divergent diagrams, i.e. Fig. 3.
Let us denote the CBS |ΨJ), |ΨK) and |ΨL) by
|ΨJ) = |k1′,k2′,k3′,k4′ : I − k1,k2,k3,k4)
|ΨK) = |k1′,k2′ : I − k1,k2)
|ΨL) = |k3′,k4′ : I − k3,k4) (40)
Let k1,k2 and k1′ ,k2′ onserve momentum and energy amongst themselves and similarly
for k3,k4 and k3′,k4′.
k1 + k2 = k1′ + k2′ , (41)
k3 + k4 = k3′ + k4′ , (42)
and
ǫV (k1) + ǫV (k2) = ǫV (k1′) + ǫV (k2′) , (43)
ǫV (k3) + ǫV (k4) = ǫV (k3′) + ǫV (k4′) . (44)
An inspetion of the series on the right hand side of Eq. (26) will show that thirteen (13)
terms in total will give rise to an integral whih will be represented by produts of diagrams
shown in Fig. 3. In Table I we list the terms and also their orresponding prefator in
the series. As one an see, the sum of the prefators is identially zero. Thus produts
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of diagrams of the type shown in Fig. 3 has no ontribution to the hange in energy per
partile (δeI). The anellation of orresponding exhange diagrams and all other divergent
diagrams of this order with three or more body onneted piees an also be shown to anel
with analogous book keeping. The divergent diagrams of the next highest order an also be
shown to anel identially.
Now onsider the ase when the individual lusters do not onserve energy, i.e.
Eqs. (41, 42) are still true but Eqs. (43, 44) are not true. Instead,
ǫV (k1) + ǫV (k2) + ǫV (k3) + ǫV (k4) = ǫV (k1′) + ǫV (k2′) + ǫV (k3′) + ǫV (k4′) . (45)
In this ase the states K and L no longer belong to the same ECMC as I and J . Thus,
none of the terms in Table 1, exept for the rst, will be inluded in the sum, i.e. the
divergent terms, (ΨI | veff |ΨJ) (ΨJ |ΨI) and its omplex onjugate will not get anelled.
The total ontribution of terms like these to δEI is of order ρ
4Ω4/3, i.e. the shift in the
energy per partile, δeI ∼ ρ3Ω1/3, diverges in the thermodynami limit.
The survival of divergent terms is rather artiial and arises from the sharp energy on-
servation onstraint that we imposed on the states in M0. This provides the motivation
to dene a ensemble where this onstraint is relaxed slightly. In what follows we will show
that this an be done onsistently where none of the divergent terms are present while the
diagonal matrix elements of the Hamiltonian are preserved.
B. The set of Most Probable Distributions (MPD)
Consider an ideal gas of fermions in a box of volume L3(= Ω) . The single partile energy
levels are given by
ǫV (ni) =
~
2
2m
n
2
i
2πL2
(46)
where m is the mass of the fermions and ni is a vetor with integer omponents. In what
follows we will use units where
~2
4πm
= 1. Let the total number of partiles in the box be N .
The density of states at any single partile energy ǫV is given by
g(ǫV ) ∼ L3ǫ1/2V (47)
Now onsider a ell with an energy width of
∆
L2
, around an energy level ǫV . Then the
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number of single partile energy levels in this ell is
ω(ǫV ) ∼ g(ǫV ) ∆
L2
∼ L3ǫ1/2V
∆
L2
. (48)
The exat value of ∆ is not important, exept for the fat that it is dimensionless and of
order 1 or less. We an always hoose ∆ so that ω(ǫV ) is large,
ω(ǫV )≫ 1 . (49)
Let the total number of partiles in the energy ell around ǫV be n(ǫV ). Let S(n(ǫV )) be
the entropy orresponding to the onguration (distribution) n(ǫV ). It an be easily shown
that the entropy, SV orresponding to the most probable distribution of number of partiles
per energy ell , subjet to the onstraints
∑
n(ǫV ) = N (50)
and
∑
ǫV n(ǫV ) = EMC , (51)
is given by Eq. (12), i.e., the distribution n(ǫV ) in addition to satisfying Eqs. (50,51) also
satises the maximization ondition,
S(n(ǫV )) = Maximum(S(n(ǫV ))) (52)
The temperature and the hemial potential are the Lagrange multipliers of the minimization
proedure. Now we will dene our miroanonial ensemble as the setM of all ongurations
whose ell distribution is n(ǫV ). We will all this the set of Most Probable Distributions
(MPD). Please note that this is dierent from dening an ensemble with total energy E
MC
,
but is roughly the same as dening an ensemble with an average energy E
MC
and a small
non zero energy width δE
MC
.
M≡
⋃
( All states with the distribution n(ǫV )) (53)
It should be emphasized here that none of the onlusions that follow depend expliitly on
the atual single partile spetrum given by Eq. (46). All the onlusions remain unhanged
as long as the single partile energy levels produe a ontinuum in the thermodynami limit.
However we will ontinue to use Eq. (46) beause the alulations are more transparent this
way.
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The probability of utuations about the most probable distribution is given by Einstein's
relation,
P (δn) ∼ e−δS , (54)
where P (δn) is the probability of a utuation of size δn and δS is the orresponding derease
in entropy. Around the most probable distribution,
δS ∼ δn2 , (55)
i.e. the probability of utuations vanishes exponentially with the size of the utuations.
In addition, the utuation (standard deviation) in the value of the total energy, EVI , in
M, an be easily shown to be,
δE <
∆
L2
√
N (56)
i.e. δE is non marosopi; the utuation in the energy per partile vanishes in the ther-
modynami limit. Thus, the ensemble we have dened is a onsistent one in the statistial
sense.
Now let us disuss the allowed sattering proesses within the set M. For two states to
be in M, they must have the same populations n(ǫV ) in all the energy bins (ells). What
this means is that they must be onneted to eah other through exitations within ells.
For example let I and k1′,k2′ : I − k1,k2, be elements of M. Let
ǫV (k1) ≤ ǫV (k2) (57)
and ǫV (k1′) ≤ ǫV (k2′) . (58)
Then, we need to have
|ǫV (k1′)− ǫV (k1)| < ∆1
L2
(59)
and |ǫV (k2′)− ǫV (k2)| < ∆2
L2
(60)
where
∆1
L2
and
∆2
L2
are the widths of the ells ontaining k1 and k2 respetively. Please note
that this, in general, means that there is no exat energy onservation, but that there is
approximate energy onservation for eah individual partile.
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Let us disuss the orthogonalization orretion inM. Consider the disonneted diagrams
rst. Following the disussion before, let us dene states J , K and L as in Eq. (40), with,
ǫV (k1) ≤ ǫV (k2) ≤ ǫV (k3) ≤ ǫV (k4) ,
ǫV (k1′) ≤ ǫV (k2′) ≤ ǫV (k3′) ≤ ǫV (k4′) . (61)
Let us assume that they obey Eqs. (41, 42) i.e. they form two disonneted momentum
onserving lusters.
Now it is ruial to observe that if I and J belong to M then k1 and k1′ must belong
to the same energy ell; similarly for k2 and k2′ , k3 and k3′ , and k4 and k4′ . This implies
that K and L must also belong to M. This was not the ase when we had merely imposed
overall exat energy onservation.
Thus, in this ase all the terms in Table I will ontribute to the sum in Eq. (26). As suh
the disonneted diagrams will anel eah other and we will be left with a onneted, non
divergent sum, i.e.
δEdisonnetedI = 0 (62)
identially. The problem with disonneted diagrams that we enounter in ECMC is resolved
in MPD.
For the sake of ompleteness, we show that the onneted diagrams also have a vanishing
ontribution towards the energy in the thermodynami limit. Consider the two body luster
ontributions to δEI . The δEI [Eq. (26)℄ ontains produts of the 2b.v
eff
and 2b.F2 diagrams.
These produts are of order 1/Ω2. The total ontribution of the leading 2b luster terms to
δEI is obtained by summing over the states k1, k2, k1′ and k2′. Eah allowed ombination
of these states orresponds to a many-body state in the set M. The quasi-partile states k1
and k2 an be any two of those oupied in I. Thus, the sum over k1 and k2 gives a fator
of order N2. Next we sum over k1′ and k2′. The total momentum k1′ + k2′ is determined
from Eq. (29). The magnitude of the relative momentum:
k1′2′ =
1
2
(k′1 − k′2) , (63)
is onstrained by Eqs. (59, 60).
The sum over states allowed for k1′ and k2′ orresponds to an integration over k1′2′ . But
k1′2′ is onstrained to lie in a shell of width ∆ where, ∆ ∼ min(∆1,∆2). Thus, the sum over
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k1′ and k2′ gives a ontribution ∼ Ω ∆L2 up to a fator of order 1 (the fator of Ω omes from
the density of states). Therefore the total ontribution of the 2b diagrams after summing
over k1,k2,k1′,k2′ is,
δEI .2b ∼ Ωρ2 ∆
L2
. (64)
Thus the shift in the energy per partile is,
δeI .2b ∼ ρ∆
L2
, (65)
whih vanishes in the thermodynami limit.
The above analysis an be easily arried out for ontribution of onneted lusters with
three or more partiles to the δEI . Consider for example states J whih dier from I
in oupation numbers of three quasi partiles. These states an be reahed by sattering
three quasi-partiles in I in states k1,k2,k3 to states k1′,k2′,k3′ oupied in J . For example
onsider the diret 3b term shown in Fig. 2 . Eah is of order 1/Ω2, thus their ontribution to
δEI is of order 1/Ω
4
. We get a fator of order N3 by summing over k1,k2,k3, and a fator
Ω2
(
∆
L2
)2
by summing over k1′ ,k2′,k3′ with onstraints of momentum and (approximate)
energy onservation. Thus their total is of order Ωρ3
(
∆
L2
)2
. The ontribution to the shift in
energy per partile is δeI ∼ ρ2
(
∆
L2
)2
whih vanishes in the thermodynami limit: similarly
for higher order lusters. Therefore, for onneted lusters we see that
δeonnetedI → 0 , (66)
in the thermodynami limit.
Thus, as laimed earlier in the setion we have shown that it is possible to dene a
statistially onsistent miroanonial ensemble suh that Eq. (19) is true for the elements
in the miroanonial ensemble M.
C. Disussion
The simplest hoie for a miroanonial ensemble is the ECMC. The ECMC has the
following properties:
• The states in ECMC have exat energy onservation; this imposes a sharp energy
uto.
19
• Arbitrarily high single partile energy transfers are allowed while still remaining in the
same ECMC
It is due to the seond property that lusters in disonneted diagrams an have arbitrary
energy transfers and hene divergent ontributions. These ontributions are normally (in
a anonial ensemble, when all states are inluded) aneled by ontributions from higher
order terms. But by imposing exat energy onservation we exlude the states whih lead to
these higher order terms whih anel the divergent part. Thus, we are left with a divergent
series.
In MPD on the one hand we relax the energy onservation slightly, and on the other hand
we limit single partile energy transfers to the width of the energy ells. We showed that
this leads to a onvergent series. Also, we showed that the total energy is well dened in
a MPD and that states with large deviations from the MPD (i.e. states with large single
partile energy transfers) are exponentially improbable.
The main dierene between ECMC and MPD is that one follows from a onservation
law and the other from a distribution. There an be states in the ECMC whose population
distribution in the energy ells is very dierent from the MPD n(ǫV ), but as long as the total
energy of the state, EV = EMC , this state is a valid member of the ECMC. However, the
number of these states is negligible as ompared to the total number of states whih have
the MPD, and hene they an be safely negleted in the thermodynami limit. On the other
hand, those states whose total energy EV dier from EMC by a non marosopi amount and
have the same population distribution as the MPD should be inluded in the miroanonial
ensemble. We have shown that, for our purposes, a typial state in a miroanonial ensemble
is given by the (most probable) distribution and not by an exat onservation law.
Thus, we have shown that a onsistent hoie forM does exist. We have also shown that
the most obvious hoie, namely, the ECMC leads to divergenes in the theory. We traed
these divergenes to the existene of the sharp uto due to the exat energy onservation
imposed on the states. Then we showed that these unphysial divergenes an be removed by
relaxing the energy onservation slightly, with the set of MPDs. We showed that MPDs an
be onsistently treated as miroanonial ensembles and that the diagonal matrix elements
of the Hamiltonian remain unhanged upon orthogonalization in this ensemble.
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In pratial alulations, a miroanonial sample, M of CBS is given by
|ΨMC) = |Ψ{nMC(k, σz)}) , (67)
nMC(k, σz) = 1 with probability n(k, σz); else zero . (68)
The state |ΨMC) (Eq. 67) belongs to the MC ensemble with energy
EV,MC =
∑
σz
∫
d3k
(2π)3
nMC(k, σz)ǫV (k, σz) . (69)
Sine the Hamiltonian HV an be easily solved, we an nd the temperature orresponding
to this energy. In the N →∞ limit it is just that used to nd the n(k, σz) [Eq. (10)℄. All the
MC states belonging to this set an be found by allowing partiles in |ΨMC) to satter into
allowed nal states. Eah sattering produes a new CBS belonging to the same MC set. We
denote this set by M. If the quantum liquid is ontained in a thin ontainer with negligible
spei heat, then it passes through the states in M when in equilibrium at temperature T
and density ρ.
Eqs. (67, 68) have been reently used to alulate the rates of weak interations in hot
nulear matter [28℄. Note that |ΨMC) is a CBS sine nMC(k, σz) are either 1 or 0. When
the number of partiles in |ΨMC) is large the utuations due to sampling the probability
distribution n(k, σz) are negligible, and this state has the desired densities ρ± and energy per
partile appropriate for the desired temperature T and Hamiltonian HV used to alulate
the n. Negleting these utuations in the limit N →∞ we obtain the variational estimate
for the free energy,
FV (ρ, T ) = minimum of
[
(ΨMC |H|ΨMC)− TSV (ρ, T )
]
, (70)
where the minimum value is obtained by varying the G and ǫV (k, σz). The (ΨMC|H|ΨMC)
an be alulated with standard luster expansion and hain summation methods used in
variational theories of old quantum liquids [14, 20℄. At low temperatures (≪ TF ) this
method is partiularly simple beause the zero temperature G and ǫ(k, σz) provide very good
approximations to the optimum. The main onerns raised in past appliations [16, 17℄
of the SP sheme is that it neglets the nonorthogonality of the CBS, and provides only
upperbounds for the free energy. Here we address only the rst. At zero temperature the
dierene between the variational and the exat ground state energy has been estimated
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with orrelated basis perturbation theory [21℄. It may be possible to extend these methods
to nite temperatures.
III. ORTHONORMALIZATION OF THE QUASIPARTICLE-QUASIHOLE EXCI-
TATIONS
In the alulation of nulear response funtions one needs to use the diagonal matrix
elements of the Hamiltonian in the quasipartile-quasihole states [22℄. At least at zero
temperature the leading ontribution to the dynami struture funtion omes the 1p-1h
states. Here we will limit our disussion to the diagonal matrix elements of the Hamiltonian
in the 1p-1h exitations from the states in M.
Consider a OCBS |ΨI〉, I ∈ M, where the single quasipartile state with momentum
h is oupied but the single quasipartile state with momentum h+ k is not. We will
denote the quasipartile-quasihole OCBS where the quasipartile state with momentum h
is replaed by one with momentum h+ k by |h+ k : I − h〉, and the orrresponding CBS
by |h+ k : I − h). The CBS |h+ k : I − h) is orthogonal to all the states in M, beause
they have dierent total momenta. Thus it only needs to be orthonormalized with all the
other quasipartile-quasihole exitations with the same momentum, via the Löwdin method.
The exitations with two or more quasipartiles and quasiholes should be orthonormalized
with the quasipartile-quasihole states using a sequential method. But this does not have
any eet on the quasipartile-quasihole states, so we do not disuss them any further.
The quasipartile-quasihole OCBS is given by
|h+ k : I−h〉 = |h+ k : I−h)−1
2
∑
I′∈M
|h′ + k : I ′−h′) (h′ + k : I ′ − h′|h+ k : I − h)+· · · ,
(71)
where h′ ∈ I ′. The diagonal matrix elements of H are given by
〈h+ k : I − h|H|h+ k : I − h〉 = (h+ k : I − h|H|h+ k : I − h)
− 1
2
∑
I′∈M
[(h+ k : I − h|H|h′ + k : I ′ − h′)
× (h′ + k : I ′ − h′|h+ k : I − h) + c.c.] + · · · (72)
In atual alulation of response funtions one needs the dierene between 〈h+ k :
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I − h|H|h+ k : I − h〉 and 〈ΨI |H|ΨI〉. Let us dene
Eph = [〈h+ k : I − h|H|h+ k : I − h〉 − 〈ΨI |H|ΨI〉] . (73)
At zero temperature, in aordane with Landau's theory, one an dene single partile
energies for quasipartile and quasiholes as done in Eq. 3. The quantity Eph is analogous to
(i.e. is a nite temperature generalization of) the dierene between the quasipartile energy,
ǫ0(h+ k), and the quasihole energy, ǫ0(h). We will show that Eph has no orthogonality
orretions.
The orthogonality orretion to Eph is given by
δEph = [〈h+ k : I − h|H|h+ k : I − h〉 − 〈ΨI |H|ΨI〉]
− [(h+ k : I − h|H|h+ k : I − h)− (ΨI |H|ΨI)] (74)
=
[
1
2
∑
I′∈M
[(
h+ k : I − h|veff |h′ + k : I ′ − h′) (h′ + k : I ′ − h′|h+ k : I − h)
+ ..] + · · · ]
−
[
1
2
∑
I′∈M
[(
h : I − h|veff |h′ : I ′ − h′) (h′ : I ′ − h′|h : I − h)
+ ..] + · · · ] (75)
The non diagonal matrix elements of the Hamiltonian (veff) and unity in the seond equation
are of order 1/Ω or less.
The shift δEph will ontain both onneted and disonneted terms. The disonneted
terms an be shown to anel exatly using arguments similar to the ones used in the last
setion. We will onsider the onneted terms only.
The state |h′ + k : I ′ − h′) an be of the following types:
• Type 1 : h′ = h , I ′ 6= I
• Type 2 : h′ 6= h.
For Type 1 terms, the terms of the matrix elements
(
h+ k : I − h|veff |h+ k : I ′ − h′)
and (h+ k : I ′ − h|h+ k : I − h) do not depend on k. (The ontribution of the terms whih
ontain the exhange line h+ k vanish in the thermodynami limit as ompared to the
leading order terms. This an be easily seen by expliitly writing down the luster expansion
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for the matrix elements.) Thus the ontribution of these matrix elements is aneled by the
orresponding terms
(
h : I − h|veff |h : I ′ − h) and (h : I ′ − h|h : I − h).
Consider the Type 2 CBS. Let h1 be the single quasipartile state in I
′
whih is in the
same energy ell (as dened in the last setion) as h, and let h
′
1 be the single quasipartile
state in I whih is in the same energy ell as h′. Sine both I and I ′ belong to M, there
will be at least one hoie for h1 and h
′
1, although in general their hoie is not unique.
|h′ + k : I ′ − h′) ≡ |h′ + k,h1 : I ′ − h′,h1) . (76)
Similarly |h+ k : I − h) an be written as |h+ k,h′1 : I − h,h′1). For Type 2 CBS the
leading ontribution to Eq. (74) omes from states where I ′ − h′,h1 ≡ I − h,h′1. In
this ase eah of the matrix elements
(
h+ k,h′1 : I − h,h′1|veff |h′ + k,h1 : I ′ − h′,h1
)
and
(h′ + k,h1 : I
′ − h′,h1|h+ k,h′1 : I − h,h′1) are 1/Ω. Also, h′1 an be any of the oupied
quasipartile states in I. Hene summing over h′1 gives a fator of N . The sum over h
′
and h1 along with momentum onservation and approximate energy onservation gives a
term of order Ω ∆
L2
. Note that there is no summation over h. Thus the total leading order
ontribution from the Type 2 states is of order ρ ∆
L2
, whih vanishes in the thermodynami
limit.
Thus,
δEph → 0 . (77)
There is no orthogonality orretion to the energy dierenes whih enter the alulations
of response funtions.
IV. CONCLUSION
We have developed a variational theory for hot quantum liquids. We have shown that
the orrelated basis states whih provide a reasonable desription of the ground state of
quantum liquids an be used to desribe quantum liquids at nite temperature. Although
the orrelated basis states are not orthogonal to eah other by onstrution, the free energy
alulated in a suitably dened miroanonial ensemble of the orrelated basis does not
have any orretions due to nonorthogonality. As suh the powerful luster expansion and
hain summation methods developed for zero temperature quantum liquids an be used at
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nite temperature without any reformulation. We have also shown that the energy dierenes
whih are needed for alulating response funtions do not need any orthogonality orretions
either.
We wish to emphasize that the arguments used in this work do not depend on the detailed
form of the orrelation funtions or the hoie of the trial single quasipartile spetrum.
The orrelated funtions are merely required to be suiently well behaved so that all the
integrals used in the Setions II and III are nite. Any reasonable form for the orrelation
funtions an be expeted to satisfy this requirement. Although we have used only two
body orrelation funtions without any state dependene or bakow terms to illustrate our
results, the arguments an be easily extended to inlude both of the above and also three
body orrelations. Similarly, the arguments an also be extended for any trial single partile
spetrum whih has a vanishing energy level spaing in the thermodynami limit.
We have not addressed the problem of non diagonal matrix elements, whih are required
for ertain appliations. One suh ase is presented in the alulation of weak interation
rates, where the relevant matrix elements are the non diagonal matrix elements of one body
operators. Work is in progress to alulate the non diagonal matrix elements of these one
body weak interation operators inluding the orthogonality orretions.
We have also not disussed the atual forms for the orrelation funtions or the trial
single quasipartile spetrum whih may be useful for alulating the free energy at nite
temperature. At low enough temperatures the zero temperature forms may provide good
approximations, but at higher temperature this is probably not true. Methods to optimize
free energy omputations at nite temperature are being developed.
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Term Prefator
(ΨI | veff |ΨJ) (ΨJ |ΨI) −12
(ΨI |veff |ΨJ)(ΨJ |ΨL)(ΨL|ΨI) 38
(ΨI |veff |ΨK)(ΨK |ΨL)(ΨL|ΨI) 38
(ΨI |veff |ΨJ)(ΨJ |ΨK)(ΨK |ΨI) 38
(ΨI |veff |ΨK)(ΨK |ΨJ)(ΨJ |ΨI) 38
(ΨI |veff |ΨK)(ΨK |ΨJ)(ΨJ |ΨK)(ΨK |ΨI) − 516
(ΨI |veff |ΨK)(ΨK |ΨJ)(ΨJ |ΨL)(ΨL|ΨI) − 516
(ΨI |veff |ΨK)(ΨK |ΨI)(ΨI |ΨL)(ΨL|ΨI) − 516
(ΨI |ΨL)(ΨL|veff |ΨJ)(ΨJ |ΨI) 14
(ΨI |ΨL)(ΨL|veff |ΨK)(ΨK |ΨI) 14
(ΨI |ΨL)(ΨL|veff |ΨJ)(ΨJ |ΨL)(ΨL|ΨI) − 316
(ΨI |ΨL)(ΨL|veff |ΨJ)(ΨJ |ΨK)(ΨK |ΨI) − 316
(ΨI |ΨL)(ΨL|ΨI)(ΨI |veff |ΨK)(ΨK |ΨI) − 316
Total 0
Table I: The ontribution of all the terms whih give rise to a term like Fig. 3
28
k1′
k2′k1
k2
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k1k1′
k2 k2′
(b)
k1′
k2′k1
k2
()
k1k1′
k2 k2′
(d)
Figure 1: All two body luster diagrams
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Figure 2: Examples of three body onneted diagrams
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Figure 3: Examples of disonneted diagrams
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